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ON THE HODGE-TYPE DECOMPOSITION AND COHOMOLGY GROUPS 
OF fc-CAUCHY-FUETER COMPLEXES OVER DOMAINS IN THE 

QUATERNIONIC SPACE 


DER-CHEN CHANG, IRINA MARKINA AND WEI WANG 

(k) 

Abstract. The fc-Cauchy-Fueter operator D y 0 ' on one dimensional quaternionic space H is 
the Euclidean version of helicity ^ massless held operator on the Minkowski space in physics. 
The fc-Cauchy-Fueter equation for k > 2 is overdetermined and its compatibility condition is 
given by the fc-Cauchy-Fueter complex. In quaternionic analysis, these complexes play the role 
of Dolbeault complex in several complex variables. We prove that a natural boundary value 
problem associated to this complex is regular. Then by using the theory of regular boundary 
value problems, we show the Hodge-type orthogonal decomposition, and the fact that the non- 
homogeneous fc-Cauchy-Fueter equation D g u = f on a smooth domain Q in H is solvable if and 
only if / satisfies the compatibility condition and is orthogonal to the set (D) of Hodge-type 
elements. This set is isomorphic to the first cohomology group of the fc-Cauchy-Fueter complex 
over n, which is finite dimensional, while the second cohomology group is always trivial. 


1. Introduction 

On one dimensional quaternionic space, the /c-Cauchy-Fueter operator is the Euclidean version 
of helicity | massless field operator m m on the Minkowski space in physics (corresponding 
to the Dirac-Weyl equation for k = 1, Maxwell’s equation for k = 2, the linearized Einstein’s 
equation for k = 3, etc.). They are the quaternionic counterpart of the Cauchy-Riemann operator 
in complex analysis. In the quaternionic case, we have a family of operators acting on © fe de¬ 
valued functions, because we have a family of irreducible representations Q k C 2 of SU(2) (= the 
group of unit quaternions), while C has only one irreducible representation. 

The fc-Cauchy-Fueter equation is usually overdetermined and its compatibility condition is 
given by the UCauchy-Fueter complex. The fc-Cauchy-Fueter complex on multidimensional 
quaternionic space HP, which plays the role of Dolbeault complex in several complex variables, 
is now explicitly known [21j (cf. also [2] for the existence and mmm for k = 1). It is quite 
interesting to develop a theory of several quaternionic variables by analyzing these complexes, 
as it was done for the Dolbeault complex in the theory of several complex variables. A well 
known theorem in several complex variables states that the Dolbeault cohomology of a domain 
vanishes if and only if it is pseudoconvex. Many remarkable results about holomorphic functions 
can be deduced by considering non-homogeneous 9-equations, which leads to the study of d- 
Neumann problem (cf., e.g., [6] [12]). We have solved m the non-homogeneous fc-Cauchy-Fueter 
equation on the whole quaternionic space BP and deduced Hartogs’ phenomenon and integral 
representation formulae. See DU PE5] PE] [2B (also EU g] GO [E] [23 for k = 1) and references 
therein for results about /c-regular functions. 
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Note that the non-homogeneous 3-equation on a smooth domain in the complex plane is always 
solvable. In our case the non-homogeneous 1-Cauchy-Fueter equation on a smooth domain in 
H is always solvable since it is exactly the Dirac equation on M 4 . But even on one dimensional 
quaternionic space HI, the fc-Cauchy-Fueter operator for k > 2 is over deter mined. The non- 
homogeneous A:-Cauchy-Fueter equation only can be solved under the compatibility condition 
given by the £>Cauchy-Fueter complex. The /c-Cauchy-Fueter complex over a smooth domain D 
in 1HI is 

( L1 ) o —> c°°(n, c fc+1 ) —-—> c°°(n, c 2k ) —*-»• c°°(n, c fc_1 ) —> o, 

(k) 

k = 2, 3,..., where D q ' is the fe-Cauchy-Fueter operator. In this paper, we will investigate the 
non-homogeneous /c-Cauchy-Fueter equation 

(1.2) D (k) u = /, 

on a smooth domain D in El under the compatibility condition 

(1.3) D[ k) f = 0. 


We define the first cohomology group of the £>Cauchy-Fueter complex as 




{/ e c°°(n-,c 2k y,D[ k) f = o} 

^D (k) u;u € C 00 ^;^ 1 )} 


where f l is the closure of fi, and the second cohomology group as 


Hf k) m 


C°°(D; C fc_1 ) 
{D {k) u-u G C°°(D;C 2fc )} 


The 0-th cohomology group as = ker D^\ This is the space of /c-regular functions, the 

dimension of which is infinite (cf. [14]). 

The first cohomology group can be represented by Hodge-type elements: 

= {/ e c°°(n,c 2k y,D{ k) f = o,D {k) *f = o}, 


where D^* is the formal adjoint of D^ k \ 

Let H S (Q) be the Sobolev space of complex valued functions, defined on a domain D. Denote 
by H S (Q, C n ) the space of all C n -valued functions, whose components are in H s (ki). 


Theorem 1.1. Suppose D is a domain in H with smooth boundary. Then 

(1) the isomorphic spaces 

are finite dimensional; 

(2) if f G H s ( fl,C 2fc ) (s = 1,2,...), then the non-homogeneous k-Cauchy-Fueter equation 11.2 1) 

is solvable by some u € H S+1 (Q, C^ 4-1 ) if and only if f is orthogonal to in L 2 (D, C 2k ) 

and satisfies the compatibility condition 11.2 I) . When it is solvable, it has a solution u satisfying 
the estimate 


(1.4) ||u|| 

H s + 1 {n,c k+1 ) — C|l/llfi' !, (Q,c 2fc )! 

for some constant C only depending on the domain D, k and s; 
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(3) the equation 

D[ k) ip = T, 

is uniquely solved by a if £ H S+1 (Q, C 2k ) for any € H s (Q,C k ~ 1 ) with estimate as O- 


It follows from Theorem 1.1 (3) and elliptic regularity that the second cohomology group 
always vanishes. To prove Theorem 11.11 we consider the associated Laplacian of the complex 

m 

(1.5) dP = D {k) D {k) * + D {k) *D {k \ 

where D^* and D^* be the formal adjoints of and D[ k \ respectively, and a natural 
boundary value problem 


( 1 . 6 ) 


□ 


(*)„, _ 


D, 


i u = f, 


on 


ft, 


D {k) \v)D\ K, u 


an 

(k) 


= 0 , 


an 


= 0 , 


where v is the unit vector of outer normal to the boundary dfl, u € H S+2 (Q, C 2k ) and / € 
H s (fl, C 2k ). We prove that this boundary value problem is regular and obtain the following 
result. 


Theorem 1.2. Suppose Q is a domain in HI with a smooth boundary. If f £ H s (£l, <C 2k ) 
(s = 0, 1 , 2 ,...) is orthogonal to relative to the L 2 inner product, the boundary value 

problem \1.6\ ) has a solution u = f such that 


(1.7) 


l n llfi s + 2 (n,c 2fe ) — Cll/llfi^n.c 2 *) 


for some constant C only depending on the domain fl, k and s. 

Moreover, we have the Hodge-type orthogonal decomposition for any if € H S (Q, C 2k ): 


( 1 . 8 ) 


= D {k) D {k) *N[ k) il> + + Pxj), 


(k)* T^(k) A7-(fc)„ 


where P is the orthonomal projection to under the L 2 ( fl,C 2fc ) inner product. 


Although for a smooth domain in the complex plane, its Dolbeault cohomology always van¬ 
ishes, its De Rharn cohomolgy groups, which are isomorphic to its simplicial cohomolog groups, 
may be nontrivial. We conjecture that the cohomology groups H^(Q) may be nontrivial for 
some domains fl with smooth boundaries in HI. It is quite interesting to characterize the class of 
domains in HI on which the non-homogeneous fc-Cauchy-Fueter equation is always solvable. On 
the higher dimensional quaternionic space HI”, there is no reason to expect the corresponding 
boundary value problem of the non-homogeneous fc-Cauchy-Fueter equation to be regular, as in 
the case of several complex variables. The problem becomes much harder. It is also interesting 

to find some L 2 estimates for the AuCauchy-Fueter equation on a domain in HI”. 

( 2 ) ( 2 ) 

In section 2, we will write the 2-Cauchy-Fueter operator ' and the operator D\ ; explicitly 
as a (4 x 3)-matrix and a (1 x 4)-matrix valued differential operators of first order with con¬ 
stant coefficients, respectively, and calculate the associated Laplacian. We also find the natural 
boundary conditions for functions in domains of the adjoint operator D 0 ; or D\ . In section 
3, we prove that the boundary value problem (11.61) satisfies the Shapiro-Lopatinskii condition, 
i.e., it is a regular boundary value problem. In section 4, we generalize the results of sections 2 
and 3 to the cases k > 3. The L-Cauchy-Fueter operator Dg k> and the second operator D\ k> in 
the complex (11.11) are written explicitly as matrix valued differential operators of first order with 
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constant coefficients, the associated Laplacians are calculated, and the boundary value problem 

is proved to be also regular. In section 5, we apply the general theory for elliptic boundary 

(k) 

value problems to show that ; is a Fredholm operator between suitable Sobolev spaces. This 
implies the Hodge-type decomposition and allows us to prove main theorems. 

Because we only work on one dimensional quaternionic space, the resulst in m about the 
&-Cauchy-Fueter complex, that we will use later, can be proved by elementary method. So this 
paper is self-contained. 


2. The k- Cauchy-Fueter operators 

2.1. The /c-Cauchy-Fueter complexes on a domain in EL We will identify the one dimen¬ 
sional quaternionic space El with the Euclidean space R 4 , setting 


( 2 . 1 ) 

where (x 0 , x±, x 2 , x 3 ) € 

( 2 . 2 ) 


Voo' Von 
Vio' Vn- 


9xo ffi ^9xi 9 X o i9. 


J x\ 


X2 


J X3 


9x2 i9 x 3 


9 X q i 9 X j 


\ The matrix 

e = (e A'B ') = 


0 1 

-1 0 


is used to raise or lower indices, e.g. = V ab' ■ 

The k-Cauchy-Fueter complex [2Tlj on a domain in R 4 for k > 2 is 


(2- 3 ) o —> C°°(fi, Q k C 2 ) C°°(H, 0 fc - 4 C 2 0 C 2 ) C°°(n, Q k ~ 2 C 2 0 A 2 C 24 

where 0 fc C 2 is the k -th symmetric power of C 2 , 

4>)AB' -C' '■= ^2 (f>A'B'—C'i 

(2.4) 


(fc) 


D 


( k) 


A'= 0',!' 


{D^^ABB'-C 1 ■= ^2 (^4 fi’BA’B'-C' - V B fi>AA'B'-C'^j 


A'=0',1' 


Here a section € C'°°(H, 0 fc C 2 ) has (k+ 1) components </>o'...o') 0i'...oq ■ ■ ■, while D^fj) € 

C' OO (H,0^ 1 C 2 0C 2 ) has 2k components ( 4>)ao'...o q 4>)av ...w, ■ ■ ■, {Dq^ 4>)ai'...i' , where 
A = 0,1. Note that (/>a , b , ...c i is invariant under the permutation of subscripts, A 1 . B' , • • • , C' = 
O', 1'. 

There are a family of equations in physics, called the helicity ~ massless field equations m 
[23]. The first one is the Dirac-Weyl equation of an electron for mass zero whose solutions 
correspond to neutrinos. The second one is the Maxwell’s equation whose solutions correspond 
to photons. The third one is the linearized Einstein’s equation whose solutions correspond to 
weak gravitational field, and so on. The A;-Cauchy-Fueter equations are the Euclidean version 
of these equations. The affine Minkowski space can be embedded in C 2x2 by 


(2.5) 


( 2 . 6 ) 


(x 0 ,xi,x 2 ,x 3 ) 


XQ + x±i + x 2 j + x 3 k i-a 


X 0 +X\ X 2 + 1 x 3 
x 2 — ix 3 x 0 - X\ 

i = yf— 1, while the quaternionic algebra El can be embedded in C 2x2 by 

x 0 + ix i — x 2 — ix 3 
x 2 — ix 3 xq — ix i 

The helicity | massless field equation (cf. (TlJ [21J) is 

D ( 0 k U = 0 , 
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where the D2 is also given by m with Vab' replaced by 


(2.7) 


V 00 ' Voi' ^ ( 9 X q + d Xl d X2 H - id x3 

Vio' Vn 


d X2 — id x o d xn — d 


J X% U XQ 


XI 


2.2. The 2-Cauchy-Fueter complex. We write 

V? V 1 ' 

V?' v. 


( 2 . 8 ) 


Voo' V 0 p \ ( 0 — 1 
Vio' Vn/ ) \ 1 0 

^X 2 d X g id Xl 

9xo ^9 X1 9 X 2 “I - i9 x 3 

02) 


Vop 

Vn/ 


—V 0 o' 
—Vio' 


(2) (2) 

In the case k = 2, we use the notation Dq = D {) and D\ = D\ . The 2-Cauchy-Fueter 
complex on a domain II in R 4 is 

c °°( n , © 2 c 2 ) -^4 c °°( n , c 2 0 c 2 ) -^4 a 2 c 2 ) —»• o, 


(2.9) 

with 


0 


( 2 . 10 ) 


( Dq4>)aB’ := 22 4>A’B ' = V^O'S' + Vn^l'B', 

A'=0',1' 

(-DiV’)oi := E V oViA' - VfVo A' = VqVio' + VqVii' - V?Voo' - V}Voi', 

A'=0',V 

where A = 0,1, B' = 0',1', <f> E C' oo (n,0 2 C 2 ) has 3 components ^o'oc^i'o' = </>o'l' and A'lC 
while Do4> E C°°(n,C 2 0 C 2 ) has 4 components (-Do'/Oock,(-D o<^)io') (-Do0)oi' and (-Do0)n', and 
T = Toi € C' 00 (n, A 2 C 2 ) is a scalar function. 

We know from results in [21] that ([2.91) is a complex: DiDq = 0. It can be checked directly 
as follows. We calculate, for any cf) E C°°(Q, 0 2 C 2 ), 

7 l'/n j.\ vvA', 


(DiDofio! = 22 V^Ai^iA'- Vf(D o 0)oA' 


( 2 . 11 ) 


"A' 


= 0 


= E v^Vf0 C /A/-vfv<Ec' 

A',C'=0',1' 

by 4>C’A ' = 4>A'C and the commutativity V^ 4 = Vq V^ 4 , as scalar differential operators of 

constant coefficients. 

The operator Dq in (12.91) can be written as a (4 x 3)-matrix operator 


D 0 4> = 

and the operator D\ takes the form 


( (A^W ^ 


( v? 

< 

0 

\ 

(Ax/Ony 


V?' 

vr 

0 


(A^)oi' 


0 

V? 

E 


\ (A^)n' / 


V o 

V?' 

Vi' 

/ 



^ = (-v? , ,v°',-v 4 ',v 4 '; 


( V’OO' \ 

V’lO' 

V’Ol' 

V ipn 1 ) 


zq = xq + ix i, z\ = x 2 + ix 3 


Dehne 
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and 


d Z o — d X Q id x , i 

9 Z \ — &X2 ^X3 7 


9zo - 9 X q d~ i ()y [ , 

— &X2 d - ^dX3 • 


Our notations coincide with the usual ones up to a factor -y. Using these notations, and the 
following isomorphisms 

© 2 C 2 “ C 3 , C 2 (8) C 2 “ C 4 , A 2 C 2 “ C 1 , 


we can rewrite Dq : C' 0O (fl,C 3 ) —> C'°°(U,C 4 ) with 


Dq4> = 


( -&Z1 

d zo 

0 

V o 


and £>i : C' 0O (0,C 4 ) -> C ,00 (fi,C) with 


~dz 0 

-d zi 

—&Z1 

dz 0 


0 \ 

0 

-&z 0 

d Z \ / 


</o \ 

4>\ 

<h J 


Diif> 


( dzo ! dzi > d zi , &z 0 ) 


1 '00 \ 

ipi 

1p2 

1^3 / 


2.3. The Laplacian associated to 2-Cauchy-Fueter complex. It is easy to see that 

( 2 - 12 )_ 

_< 9ji _ ^o A ( ~dz i -<9 j 0 \ = ( ~d z , d~ 0 \ f -dz, -d~ 0 \ _ ( A 0 \ 

V -^i y v d z o -< 9 21 y V -< 9 20 - 0 ^ y v < 9 20 -< 9 21 y v 0 A y 

where * is the transpose, and 

A := d zo dz 0 + d z ,dz, = d 2 0 + d 2 xi + S 2 2 + d 2 4 


is the usual Laplacian on M 4 . 

Let : C' 1 (fl, C ni ) —>• C'°(U,C n2 ) be a differential operator of the first order with constant 
coefficients. An operator S>* is called the formal adjoint of S> if for any u € C ni ), 

v g C Y ,](0,C n2 ), we have 

[ {@u,v)dV = [ (u,@*v)dV, 

Jfi Jo. 

where (•,•) is the Hermitian inner product in C n L j = 1,2. It is easy to see that the formal 
adjoints of Do and D\ are Dq = — Dq and D\ = —D\ , respectively. Then, 


D 0 D* = 


/ ~dzi 

-dz 0 

0 \ 

/ 

dz 0 

-d z i 

0 

f 

0 

—dz, ■ 

~dz 0 

l 

V o 

dzo ■ 

~d zi J 

\ 

/AO 

dzo dz. 

-d 

2 

^0 

* A 

d 2 

zi 

- dz 0 d z , 

* * 

A 

0 


\ * * 

* 

A 


dz 0 

—dz, 

0 


0 0 \ 

~d zi dz 0 

-d Z0 -dz, J 


(2.13) 
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where ^-entries are known by Hermitian symmetry of and 

/ ~®zo \ 


(2.14) 


DID i = - J 1 

\ ~ d *o ) 





rl— rl— 

U ZQ {J Z\ 

- dz Q d Zl 

d 2 

~0 

\ 

* 

d z 

1 

05 

M tO 

&z 0 d zi 


* 

* 

d zi dz! 

~(h 0 (h 1 


\ * 

* 

* 

05 

O 

S* 

O 

/ 


The sum of 12.131) and (12.141) gives 


/ A + d zo &z 0 


□i := D 0 D* 0 + D^Di = - 


(2.15) 


dz 0 d Zl 

0 

0 


V 

/ A + Ai 
L 
0 

V o 


£)— fi— 

U Z0 'Dzi 

A + d Zl d Zl 
0 
0 


0 

0 

A + d zi d zi 
~d ZQ d Zl 


L 

A +A 2 
0 
0 


0 

0 

a+_a 2 

-L 


0 
0 

—L 
A + Ai 


0 
0 

&ZQ&Z1 

A + d Z0 d~ 0 J 

\ 


where 

Ai -.= d Z0 ck 0 =d 2 X0 +d 2 Xl , 

A 2 := <9 21 % = dl 2 +dl 3 , 

L .— 4“ * i )(2 T idxs)- 

The operator Di is obviously elliptic, i.e., its symbol for any £ ^ Q is positive definite. 


2.4. Domains of the adjoint operators Dq and D\. We define the inner product on 

L 2 (n, <C n ) by 

(u,v)= / (u, v)dV, 

Jn 

where (■, •) is the Hermitian inner product in C n , dV is the Lebesgue measure. 

For a differential operator Q) : C' 1 (fl,C ni ) —> <17°(ST,(C 712 ) of the first order with constant 
coefficients, u € C ll (fl,C ni ) and v € C 1 (fl,C n2 ), we have 


(2.16) f (3>u,v)dV = I (u, S>*v)dV + f (u, 3>*(v)v)dS, 

J Q J Q J dQ 

by Green’s formula, where v = (uo, ..., U 4 ) is the unit vector of outer normal to the boundary, 
and 3>*{v) is obtained by replacing d Xj in 3>* by Vj. 

By abuse of notations, we denote also by the adjoint operator of : L 2 (Q, C ni ) —>• 
L 2 (G, C" -2 ). Now let Q be M 4 = {x = (xo, • • • , 2 : 3 ) € M 4 ;xo > 0}. Then the unit inner normal 
vector is v = (1,0,0,0). By definition of the adjoint operator, a function ^ = (- 00 , ," 02 , V’s)* 

€ DomZ?Q H C' 1 (G, C 4 ) if and only if the integral over the boundary in (12.161) vanishes for any u , 
i.e., = 0 on the boundary. Then, 


i 

( -3* 


0 

0 ^ 

, / 0 

1 

0 

0 \ 

0 = 

~dz 0 

— &Z! 

-3*1 


(^)V’lan = -1 

0 

0 

1 

\ 

K 0 

0 

~d Z0 

-3n y 

V 0 

0 

-1 

0 / 


Mon, 
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from which we get 

(2.17) ipi = ip 2 = 0, V’o — "03 = 0 on <911. 

Similarly, ^ e DomHJ' D C ,1 (fl,C) if and only if = 0 on the boundary, i.e., 

/- 1 \ 

0 
0 


0 = 


/ ~^o \ 

~d: 


Z1 

\ -dz 0 ) 


l 1 {v)*\an = 

( - / Z 1 


'hi 


an, 


V -! / 

from which we get 'I'lao = 0. Now D\ip e DomD^ D C 1 (n,C) implies that 


~d z Ao - dz ^i + d Zl ip 2 - (hoi’s = 0 


on 


on. 


Note that c^i/h = d Zl ip 2 = 0 since d~ 1 and d Zl are tangential derivatives, and ip i, ip 2 both vanish 
on the boundary by using (12.1711 . Therefore, 

(2.18) d zo ip 0 + dz 0 ip 3 = d xo (ipo + i>z) = 0, on dQ 

(2) 

by using (|2.17l) again. So we need to solve the system □) ip = / in Q under the boundary 
conditions (|2.17l) and (12.1811 . 

We need to define more operators. We obtain Dq := DqDq equals to 


-d : 


(2.19) 


and 


21 


dz 0 


0 


d Z Q ^21 ^21 


0 

<^0 

~d Zo 


/ ~9 Zl 


20 

dz 0 -d Zl 


0 \ 
0 


0 —d Z1 —&z Q 


dz 0 -d Zl 


l ~^0 \ 



( 2 . 20 ) 


~d zi 

9 Zl 


= —2A, 


□2 := D-lDI = 

V -^20 

with, the boundary condition T € DormD* n C fl (n,C 1 ), i.e., the Dirichlet condition TIqq = 0. 

Corollary 2.1. Suppose that u € H l (PL,C ni ), v € 77 1 (ll,C n2 ) ; and ^(v)u\qq = 0 or 3>*(v)v \qq 
= 0. Then 


( 2 . 21 ) 


(@u,v) = (u, 3>*v), (v, S>u) = (%>*v, u) 


Proof. The trace theorem states that the operator of restriction to the boundary H S (Q, C n ) —>• 
H s ~2 (<91f, C n ) for s > | is a bounded operator (cf. Proposition 4.5 in chapter 4 in [17]). 
Moreover, C°°(Q,C n ) is dense in H s (Q,C n ) for s > 0. Approximating u € 17 1 (n,C ni ), v € 
H\n,C n2 ), by functions from C oc (fl, C n ’), we see that integration by part (12.1611 holds for 
u € H l (Q, C ni ), v € 77 1 (11, C n2 ), (cf. (7.2) in chapter 5 in [IT]). The boundary term vanishes 
by the assumption. □ 


3. The Shapiro-Lopatinskii condition 

3.1. Definition of the Shapiro-Lopatinskii condition. Assume that P(x, d ) : Eq) —> 

C°°(H,£i) is an elliptic differential operator of order m, and that Bj(x,d) : Eo) —>■ 

C°°(dft, Gj), j = 1,..., Z, are differential operators of order rrij < m — 1, where Eq,E\. Gj, 
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j = 1are finite dimensional complex vector spaces. Let 11 be a domain in R n with 
smooth boundary dil. Consider the boundary value problem 


( P(x,d)u = f, on n, 

| Bj(x,d)u = gj, on <9H, j = l,...,l. 


For fixed x E dQ, define the half space V x := {y E R n ; (y, v x ) > 0}, where v x is the unit vector 
of inner normal to dVL at point x. By a rotation if necessary, we can assume n x = (1,0,... ,0) 
and P(x, d x ) can be written as 


(3.2) 


P(x, d) 


d m ^ , 9“ 

dx ? + 2^Mx, d x') dx a’ 

1 o=0 1 


up to multiply an invertible matrix function, where the order of A a (x,d x >) is equal to m — a, 
x' = (x 2 , ■ ■ ■ ,x n ). For the elliptic operator P(x,d), the boundary value problem (11.61) is called 
regular if for any £ E R n_1 and iy € Gj, there is a unique bounded solution on R + = [0,oo) to 
the Cauchy problem 


(3.3) 


— + E 

Ct=0 


dt r 


d a $ 

AK)^ = o. 


B i \^J t ) $ ( 0 ) = Vj, 


j = 1, - - -, l, 


Here <F is a Flo-valued function over R + , H Q (£) is the homogeneous part of A a (x , £) of degree 
m — a, and A a (x, £) is obtained by replacing d y i in A a (x, d y /) by z£ (this condition is the same if 
it is replaced by j£ ). The operator Bj(£,d/dt) is defined similarly. The regularity property is 
equivalent to the fact that there is no nonzero bounded solution on R + to the Cauchy problem 


(3.4) 


d m $ ‘ t ^ d°A> n 

+ A*(£)—;TTV — 0, 

ck—0 


dt 


dt c 




Furthermore, it is equivalent to the fact that there is no nonzero rapidly decreasing solution on 
R+ to the Cauchy problem (13.41) (cf. [ii') in p. 454 in nz])- This condition is usually called the 
Shapiro-Lopatinskii condition. 

The latter condition can also be stated without using rotations (cf. §20.1.1 in |13| and the 
discussion below it). For x E <9H, and (1^, the map 


(3.5) M X £ 3 u —> (Bi(x,i£ + v x d t )u{ 0), ...,Bi(x,i£ + u x d t )u(0)) 

is bijective, where M x ^ is the set of all solutions u E , Eq) satisfying 

(3.6) P(x,i£ + v x d t )u(t) = 0 


which are bounded on R + . Here for a differential operator P, the notation P^ + ndt) means that 
d Xj is replaced by i£j + Ujdt, j = 1 ,,n. Equivalently, there is no nonzero rapidly decreasing 
solution on R + to the ODE (13.61) under the initial condition 


(3.7) Bj(x,i£ + u x d t )u(0) = 0, j = l,...,l. 

3.2. Checking the Shapiro-Lopatinskii condition for k = 2. 


Proposition 3.1. Suppose H is a smooth domain in R 4 . The boundary value problem 


( (D 0 Dq + DlDi)ij) = 0, on H, 

(3.8) l |en = 0, 

1 D|(u)DiV’|an = 0, 


is regular. 
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Proof. Here we check the Lopatinski-Shapiro condition by generalizing the method proposed 
by Dain in [10| . which we have used in [20]. Originally, this method works for operator of 
type K*K for some differential operator K of first order, while here our operator has the form 
DqDq + D\D\. 

Fix a point in the boundary dPt. Without loss of generality, we assume this point to be the 
origin. Denote by v E R 4 the unit vector of inner normal to the boundary at the origin. Let 

if = {x £ R 4 ; x ■ v > 0} 


be a half-space. For any fixed vector £ _L u, suppose that u(t) is a rapidly decreasing solution 
on [0, oo) to the following ODE under the initial condition: 


(3.9) 


' (D 0 D 0 * + + udt)u(t) = 0 , 

< D 0 »«(0) = 0, 

+ vd t )u(0) = 0 . 


Let us prove that u vanishes. Now define a function U : y v —>• C 4 by 

(3.10) U{x) = e lx '^u{x ■ v) 

for x E Y v . Note that for a differential operator Q = ]C 4 =0 Qjd Xj , where the Qj's are (4 x 3)- 
matrices, we have QU(x) = J2j=o Qj (^j u ( x ■ u) + Vju!(x ■ u)) e lx '^. Then it is easy to see that 
(13.91) implies 

r (DqDq + D*D\)U (x) = 0, on %, 

(3.11) < D*(v)U(x)\ dr „=0, 

( DlMD&Wlfw, = 0 , 

It is sufficient to show that U vanishes. Consider the interval /g = {s£ E 9^; |s| < A}, the ball 
B £ = {y' E d'fv'i y' -L £, |y'| < r } for any fixed r > 0, and the domain 

(3.12) % = J e xB^x R+zz, 


where R + v = {tv, t E R+}. 


/ 




-B e 


Since U in (13.101) rapidly decays in direction v, by Green’s formula (12.161) . we have 

[ ({p Q D* Q +DlD 1 )U,U)= [ (D* 0 U,D* 0 U)+ [ (DiU,DiU) 

J2> e J&e Js>e 


(3.13) 


I, 


'^xB^x{0}UdI^xB^xR + uUl^x dB j x R + v 


((DqU, Dq(v)U) - {D\(y)D\U : U))dS, 
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where (•, •) is the standard Hermitian inner product in C 4 . 

(1) The integral Jj xB x | 0 } i n (ULUS) vanishes by the boundary condition Dq(u)U = 0 and 
D\{v)D\U = 0 on d'f'v in (13.1111 : 

(2) The integral fgj xB( xM +L > van i s h es since U, D^U and D\U are periodic in direction £, 
and on the opposite surface, we have the identity D*(y) |{ 5 } x s e xK+i/ = ~D* (u)|{_ 5}xB? xR+J ,, 
3= 0,1; 

(3) Similarly, the integral van ishes since U, DqU and D\U are constant in 

any direction in B £, and on the opposite direction, we have the identity D*(ix) |/ ?x {u}xR + iy = 
- D j(^)\l^x{-v}xR+y for any v € 

Obviously, the integral in the left hand side of (13.13[) vanishes by the first equation in (13.111) . 
Consequently, 



(D*U,D*U) + (D 1 U,D 1 U) = 0, 


i.e., 

(3.14) DqII = 0, D\U = 0, on %. 


By applying the following Proposition 13.21 to the convex domain %, we see that there exists 
a function U € C°°{y ui C 3 ) such that DqU = U on and so DqDqU = 0 by the first 
identity in (13.141) . By the explicit form of DqDq in (|2.19l) . we see that each component of U 
is harmonic on "V v . Consequently, each component of U = DqU is also harmonic on 'Y v since 
A U = ADqU = DqAU = 0 by Dq being a differential operator of constant coefficients and A 
being a scalar differential operator of constant coefficients. This implies that 


r AUq = AU\ = AU 2 
(3.15) \ D*(v)U\ d y v =0, 

( = 0 . 


In particular, when v = (1,0,0,0), we have 


A U 3 = 0, 


(3.16) 




AUq = AUi = A U 2 = A U 3 = 0, 

t/i| R 3 = C 2 | R 3 = 0, 

{Uq - U 3 )\ r3 = 0, 

d Xo {Uo + Uq ) | R 3 = 0 , 


on 


on , 


by the boundary conditions (|2.17l) - (|2.18|) for the upper half-space. Note that a harmonic function 
on Ml with vanishing boundary value must vanish. We see that U\ = U 2 = Uq — Uq = 0 and 
d xo {Uq + Uq) = 0. Consequently, Uq + Uq is independent of xq , and so vanishes since it is rapidly 
decreasing in xq. Therefore, U = 0. 

For the general case of v. we set 


(3.17) 

Then 


(3.18) 


and 

(3.19) 


Co = u 0 - iv 1, 


Ci = - wq. 


D 0 (v) 


( -Cl -Co 0 \ 

Co -Ci _o 

0 -Ci -Co 

V 0 Co -Ci / 


Di{v) — (—Co, — Ci) Ci) — Co)- 
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It is direct to check that D\{y)DQ[y) = 0, that also follows from D\Dq = 0. Note that 
(3.20) det (~Co -Ci ) = K°l 2 + ICrl 2 , 

and therefore D$(y) in ([3.18D has rank 3. The vector D\(v) in (13.191) does not vanish for 
nonvanishing v, i.e., D\(v) has rank 1. Hence, Im.Do(z') = kerDi(z') and ImZ?i(z/)* is a 1- 
dimensional space orthogonal to kerDi(z'). Namely we have an exact sequence 

0 ^ C 3 C 4 C 1 ^ 0 


(cf. Lemma 3.1 in the following), and the orthogonal decomposition 
(3.21) C 4 = lmD 0 (u) © ImDi(i/)*, 


(cf. (2.13) in [T9] for decompositions of such type). We rewrite U as 

U = Dq{u)U' + Di(y)*U", 

for some C 3 -valued function U' and scalar function U". Such U' and U" are unique. Then, 
(3.22) D*(u)U = D*(v)(D 0 (v)U' + D^vfU") = D*(v)D 0 (v)U'. 


Here Dq(v)Dq(v) is an invertible (3 x 3)-matrix because Dq(v) has rank 3. It follows from 
Dq(u)Dq(u)AU' = Dq(u)AU = 0 that U' is harmonic. The second equation in ([3.151) together 
with (13.221) implies that U' = 0 on the boundary and so it vanishes as a harmonic function 
on the whole half space Y v . Now we have U = D\(v)*U" (we must have U" = ^D\{y)U). U" is 
also harmonic. 

The third equation in ([3.15D implies that the scalar function D\U\Qy v = 0. Then, 

D\U = DiD\(v)*U" = (-a 20 ,-%,^ 1 ,-a 0 )Z?iH*t/" 


(3.23) 


— ( (^xo i&xi )? (^22 T idx 3 Y d X2 idx 3 i {d xo id xl Y 

= 2(is 0 d Xo + uid Xl + v 2 d X2 + ^dx 3 )U" = 2 d v U" = 0 


( -(vo + iv i) \ 

(y 2 - iv 3 ) 
v 2 + iv 3 

V -iyo- ivi) 


u 


on the boundary 5%. As U" is a harmonic function, we must have d u U" e 0 on the whole 
half space So U" is constant in the direction v. But it is also rapidly decreasing along this 
direction. Hence U" e 0 on V v . Thus U vanishes on "V v . □ 


3.3. The solvability of the non-homogeneous k- Cauchy-Fueter equations on convex 
domains without estimate. The following proposition is proved in m for any dimension by 
using twistor transformations. Here we give an elementary proof. 

Proposition 3.2. The sequence 

(3.24) C°°(H, C 3 ) C°°(n, C 4 ) C°°(H, C 1 ), 

is exact for any convex domain fb Namely, for any if € C'°°(H,C 4 ) satisfying Diif = 0, there 
exists 4> € C°°( H,C 3 ) such that 

Dq(J) = if on fb 

Let & (H) be the set of C°° functions on Q and let £% be the ring of polynomials C[£o, £1, • • •, £n]- 
For a positive integer p, 2% v denotes the space of all vectors (/1 ,..., f P Y with f\,.. ., f p € 
and S p (iV) is defined similarly. The following result is essentially due to Ehrenpreis-Malgrange- 
Palamodov. 
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Theorem 3.1. (cf. Theorem A in [16]) Let A(£), B(f) be respectively ( qxp ) and ( rxq ) matrices 
of polynomials, and let A(D) and B(D) be differential operators obtained by substituting d Xj to 
i fj to A(£) and B(f), respectively. Then the following statements are equivalent: 

(1) the sequence S% v < — < — S% r is exact, 


(2) the sequence S v (Lt) 
domain Ll C M" +1 . 

Lemma 3.1. The sequence 


—A & q (Cl) — £ r (Ll) is exact for any convex and non empty 


0 


C 3 ^ 


C 4 < D - l{i)t - c 1 


is exact for any nonzero $6C 4 . 
Proof. Set 


(3.25) 
Then 

(3.26) 
and 

(3.27) 


7o = fo - if l 


if l, 

7i 

= f'2 ~ 

if 3- 

-7i 

7o 

0 

0 

-To 

-7i 

-7i 

To 

0 

0 

-To 

-71 


( ~ 

To \ 



1 


mr = 7 


-7i 

7i 


V ~ho 


The proof of ImDi(^) < = kerDo(0* is similar to the paragraph below (13.201) . 


□ 


Proposition 3.3. The sequence e 


Dotty mty 


is exact. 


( Pi(f) \ 


= 0 , 


Proof. It is obvious that Do(f) t Di(f) t = 0 by (|3.26l) - ([3.27l) . Suppose Ho(0* 

V P4(0 

where pj are polynomials. By Lemma 13. 11 for each f 0, there exists an element of C 1 , say /c, 
such that 

pi(0 \ ( _ ^0 + *O \ 


= D l (O t h = ~ 


P4(0 


-O - *0 
O - if 3 

V -fo - ifi J 


fe¬ 


lt follows from the first two equations that (fo + if\)p\(f) + (O — *O)P2(0 = i(fi + ■ ■ ■ + fl)ft 


on Il£ 4 \ {0}. Then /c is a rational function Q(f)/(ff + • • • + fl) for some polynomial Q(f). The 
first equation above implies the following identity of polynomials: 

r 2 


ipi(f)(ff + • • • + 0) — (~fo + *£l)Q(0 - 

This equation also holds on C 4 by natural extension of polynomials. By comparison of zero 
loci, we see that — £o + if l must be a factor of pi(f). Namely, pi(f) = (—fo + ifi)q(f) for some 
polynomial q(f). Consequently, /g = iq(f) is a polynomial on M 4 . The result follows. □ 


Applying Theorem 13.11 to the exact sequence in Proposition 13.31 we get the Proposition 13.21 
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4. The case k > 2 

(k) (k) 

4.1. The operators Dq ' and D\ ' and the associated Laplacian. The operators in the 
AxCauchy-Fueter complex (12.3|) are given by (12.41) . If we use notations 



( ^O'0'...O'O' ^ 
(pl'0'...O'O' 


/ (po \ 
(pi 

(4.1) p> = 


= 


^l'1'...l'O' 

\ ^l'1'...l'l' / 


\ (Pk) 


( V , 00'...0'0' ^ 


*Po,j 


1p2j 

'01O'...O'O' 




— 

J 

= 

1p2j+l 

IpOl'. ..l'l' 

\ / 


1p0,k-l 


1p2k-2 


\ 1pl,k-l / 


\ 1p2k- 1 ) 


where cpj := (p i'...i' 0 '... 0 ' with j indices equal 1 ', ipA,j := ip a, i'...i' 0 '...O' with j indices equal 1 ', 
A = 0,1, then the operator in (12.41) can be written as a (2k) x (k + l)-matrix valued 
differential operator of the first order from C' 1 (fl,C fc+1 ) to C 2/c ) as follows 


D (k) = 




0 

0 

0 ••• \ 

dz 0 

-d Zl 

0 

0 

0 ••• 

0 

— &Z! 

-dz 0 

0 

0 ••• 

0 

d zo 

-d zi 

0 

0 ••• 

0 

0 

~dzi 

-dz 0 

0 ••• 

0 

0 

dzo 

-d zi 

0 ••• 

0 

0 

0 

—(h i 

~dz 0 ''' 







(cf. [2T]) and so 


(4.2) D^ k) * = 


( ~ 9 Z1 

~dz 0 

0 
0 


&zo 

-&Z! 

0 

0 


- d , 
-d 


<h 0 

~<hi 


-d : 


0 

0 

W 


0 

0 

&z 0 


0 -d ZQ -d~ r 


-d : 


0 

0 

0 

] Zl 


Then 


(4.3) D (k) D {k) * 


A 

0 

d Zo d Zl 

o 

COIN) 

1 

0 

0 

0 

* 

A 

d 2 

1 

~dz 0 d Zl 

0 

0 

0 

* 

* 

A 

0 

dz 0 d z i 

-d 2 

20 

0 

* 

* 

* 

A 

d 2 

Z\ 

—dz Q d Zl 

0 

* 

* 

* 

* 

A 

0 

dz 0 d zi 

* 

* 

* 

* 

* 

A 

d 2 

Zl 

* 

* 

* 

* 

* 

* 

A 


by direct calculation. Here ^-entries are known again by Hermitian symmetry. 
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(fc)< 

0 


By Green’s formula (12.1611 . ip € DomD^* n C 1 (n,C 2/c ) if and only if D, 
boundary. When v = (1,0,0,0) this condition becomes 


Wo, 


from which we get 
(4.4) Vh 

A section T G C°°(Q, © fc_ 2 C 2 <g)A 2 C 2 ) has (A: —1) components ^'oio , ...o') ’J'on'. 


(i')'ip = 0 on the 



( 0 

1 

0 

0 

0 

0 

••• 0 0 \ 


-1 

0 

0 

1 

0 

0 

... 0 

0 

0 = 

0 

0 

-1 

0 

0 

1 

... 0 

0 

0 

0 

0 

0 

-1 

0 

... 0 

0 


l 0 

0 

0 

0 

0 

0 

... -1 o) 

1p2k- 

2 = 0 , 


V 

- V+3 = 

0 , 

c4 

o 

II 


•OG 




We use notations Tj := 4'oii , ...i , o'...o' with j indices equal V and ipj as in m • By definition 
VAVOoib'.-.C" = Ea'=0',i' (Vq Vi A’B'...C' ~ V^VoA'B'...C'), and we have 




(fc) 


= -v?Voj + vgVij - viVoj+i + VoVij+i, 


(4.5) 


(4.6) 


Thus 


(4.7) 


D\ 


2. We see 

that T = D^tp with (k — 1 ) 

x ( 2 /c)-matrix operator 


/ - 

-V 0 ' V 0 ' 

v i v 0 

-vi' 

vj' 

0 0 


0 

• • \ 

D[ k) = 

V 

0 0 

0 0 

-V?' 

0 

v? - 
0 - 

vi' v* 
V?' v° 


0 

Vi' 

: / 


/ - 

1 

o 

1 

d Zl 

—dzo 

0 

0 

0 

... \ 



0 0 

-d zo 

—d zi 

dzi - 

dzo 

0 



V 

0 0 

0 

0 

-dz 0 ~ 

d Zl 

d Zl 

: / 

— l)-matrix operator 










/ -dz 0 

0 

0 • 

- \ 






~dzi 

0 

0 • 







dz! 

-dz 0 

0 • 






1 

II 

* 

cT 

-dz 0 

-d zx 

0 • 






0 

d zi 

—dz 0 ' 







0 

1 

ClJ 

o 

-d Zl • 







V ; 



•• / 





/ d ZQ d~ 0 d Zo d Zl 

-dz 0 d Zl 

d- 

z 0 


0 

0 



* dz x d zi 

- d 2 

w zi 

dzod zl 


0 

0 



* 

* 

A 

0 

—dz 0 d Zl 

<9 2 

Z 0 

k)* n (k) _ 

u 1 _ 

— 

* 

* 

* 

A 


-d 2 

^1 

dz 0 d 


* 

* 

* 

* 


A 

0 



* 

* 

* 

* 


* 

A 


V 


/ 
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The sum of (14.31) and (14.71) gives 

(4.8) 


□ 


(fc) 


_n( fc ) n( fe )* 


+ D {k) *D {k) = 


/ A + Ai 

L 

0 

... 0 

0 

0 

\ 

L 

A +A 2 

0 

... 0 

0 

0 


0 

0 

2A 

... 0 

0 

0 


0 

0 

0 

••• 2A 

0 

0 


0 

0 

0 

... 0 

A + A 2 

-L 


V o 

0 

0 

... 0 

-L 

A +A-i 

/ 


This is an elliptic operator. Using the notation in (13.171) . we obtain the (2k) x (k + l)-matrix 


(4.9) 


D {k \u) 


the (k — 1) X (2fc)-matrix 


(4.10) 


D[ k \v) = 


\ : 



( 

-Ci 

-Co 

0 

0 

0 

... \ 



Co 

-Ci 

0 

0 

0 




0 

-Ci 

-Co 

0 

0 




0 

Co 

-Ci 

0 

0 


— 


0 

0 

-Ci 

-Co 

0 




0 

0 

Co 

-Cl 

0 




0 

0 

0 

-Ci 

-Co 



V 







-Co 

-Ci 

Ci 

-Co 

0 

0 

0 

0 


0 

-Co 

-Ci 

Ci 

-Co 

0 

0 


0 

0 

0 

-Co 

-Cl 

Cl 


and the (2k) x (k — l)-matrix 


(4.11) 


/ -Co 

0 

0 

0 

... \ 

-Ci 

0 

0 

0 


Ci 

-Co 

0 

0 


-Co 

-Ci 

0 

0 


0 

Ci 

0 

0 


0 

-Co 

-Co 

0 


0 

0 

Cl 

0 


V : 




/ 


By Green’s formula (12.161) . T € DonuD^** D C 1 (G,C fc_1 ) if and only if D[ k ^*( v)^>\qq = 0 on 
the boundary. It follows from D^*(v) in ()4.11l) that = 0 since Co and G can not vanish 
simultaneously. Now € DomZ)[ A) *nC' 1 (fl, C^ 1 ) if and only if = 0 on the boundary. 

So (11.61) is our natural boundary value condition. 


4.2. The boundary value problem (11.61) satisfies the Shapiro-Lopatinskii condition. 

Suppose u(t) is a rapidly decreasing solution on [0, oo) to the following ODE under the initial 
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condition: 

(4.12) 


' (D (k) D {k) * + D {k) *D[ k) ){i£ + ud t )u(t ) = 0, 

< z^ fc) VM0) = 0, 

w D[ k> (v)D[ k \iZ + V dt)u( 0 ) = 0 . 


Define a function U : "V v —>• C 2fc as in (13.101) . Now let us show that U vanishes, which will prove 
that the boundary value problem ()4. 121) satisfies the Lopatinski-Shapiro condition. By using 
arguments as in the case k = 2 and the following Proposition 4.1, we find that 


(4.13) 


A U = 0, 


D 


(k)* 


on %, 


o { v )U\d%, = 0, 


D[ k) *(v)D\ K, U\ dr „ = 0, 

#) 


#) 


It is direct to check that D^\u)D'q > {y) = 0, which can be also obtained from D\ k, Dq K> = 0 


(fc) 


The matrix D^\v) in (14.91) has rank k + 1, and D\ K \u) in (14.101) has rank k — 1. More¬ 
over, ImP^i/) = ker D l \ k ' 1 (v) and the space Iml){^*(i/) is (k — l)-dimensional, orthogonal to 
ker D^ k \v). Namely we have the orthogonal decomposition 


(*)/ 


<C 2fc = lmD {k \v) © Im D {k) *{y) ^ C k+1 © C fc_1 . 


We rewrite U as 


U = D {k \v)U' + D {k) *{v)U", 

for some C fc+1 -valued function U' and (C fc_1 -valued function U". Then, 

D {k) *(v)TJ = D {k) *(y)D {k \u)U'. 


Here D^* (y)D^ (y) is an invertible (k + 1) x (A; + l)-matrix because D^\v) has rank k + 1. 
Consequently, U' and U" are both harmonic. The second equation in (13.151) implies that U' = 0 
on the boundary and so it vanishes as a harmonic function on the whole half space 
Now we have U = D^'- *(u)U". 

The third equation in (14.1.31) implies that D^U\&y v = 0 by D^*{y) in (14.111) . Note that 


as in (13.231) . and 
& '■= (~dz 0 ,-dz i) 


where 


( d ZQ , i 9 Zl , 9zq ) 


( -Co \ 
-Cl 
Cl 

V -Co / 


2d u 


Cl 

-Co 


~(d XQ - id Xl )(v 2 + ivs) + {d X2 + id x3 )(v 0 -ii/ 1 ) = d fl + id 


(4.14) 

and 


ll = (-U 2 ,-l'3,U 0 ,Pl), 


k = (-U3,u 2 ,-ui,u 0 ), 


(d 2l ,-ds 0 ) 


-Co 

-Ci 






















18 


DER-CHEN CHANG, IRINA MARKINA AND WEI WANG 


Then we find that 
(4.15) 



( 2d w 

-Jgf 

0 

0 

0 

0 

\ 


JA 

2d v 

- 2 ^ ... 

0 

0 

0 


D[ k) U = D (k) D [k) * (u)U" = 

0 

& 

to 

0 

0 

0 



0 

0 

0 

se 

2d v 




l o 

0 

0 

0 

££ 

2d v 

/ 

(k) 

on the boundary by using D\ 7 in 

m 

and D^*(v) 

in 

(PTH). 




( U " \ 

\ U k-J 


= 0 


When k = 3, we obtain 


(4.16) 


f 2 d v U'{ - (dp - id~)U” = 0, 

1 (dp + idp)U" + 2 d v UH = 0 , 


on the boundary dV v . Both 2 d v U" — (dp — idp)U." and (dp + idp)JJ " + 29^17" are harmonic 
functions on %, and so must vanish. Namely, (14.161) holds on the whole half space 'Y v . On 
the other hand, as a harmonic function, AC = e lx '^(u" — |£| 2 it)(x • v) = 0. So as a rapidly 
decreasing function, we must have u(t) = e~^UQ for some vector uq € C 6 . Consequently, 
U" = e lx '^~^ x ' u W" for some vector W" € C 2 . Then substitute U" into (14.161) to get 


(-m a 
V A — 2 |£| 


IT" 

w.'l 


= 0 


where A = i(/i ■ £ + ifi ■ £). 

det ( “ 2| a - 2 iei) = 4|{|2 - |A|2 > °- 


by |A| < |£| since fi and J1 are mutually orthogonal unit vectors in the hyperplane orthogonal to 
v (cf. (14.141) 1. and £ T v. Hence IT" = 0 and U vanishes. 

In the case k > 3, U" = e lx '^~^ x ' v W" for some vector IT" € C fc_1 . Substituting U" 
into (14.151) . we get 


(4.17) 


( -2iei a 

A -2|£| 
0 A 

V 


_0 0 0 0 0 ••• \ 

A _0 0 0 0 ••• 

—2|£| A 0 0 0 • • • 

= = = / 


Observe that, as previously, this condition also holds on the whole half space Y v . It suffices to 
show that the determinant of the above matrix vanishing. This is true because the determinant 
equals to 



( 

-m 

A 

0 

0 

0 

0 

0 

... \ 


- 2 |{| 

A 

0 0 

0 

0 

0 • 

• \ 



0 

A' 

A 

0 

0 

0 

0 



0 

A' 

A 0 

0 

0 

0 • 


det 


0 

A - 

-m 

A 

0 

0 

0 


= det 

0 

0 

A" A 

0 

0 

0 • 



V 








: / 


V 






: / 

with A 7 

= 

-\m 

|A| 2 

m 1 

)<- 

-I€| 

by 

A 

< 

£ again. Then A" = — 

l£l (2 

|A| 2 n 
|A , ||$| 

< 

-lei if A' 

< - 


Repeating this procedure, we see that the above determinant is nonzero. So IT" = 0 and U 
vanishes. We complete the proof of the regularity of the boundary value problem (14.121) . 
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Lemma 4.1. The sequence 

0 <- C 2k <- 0 

is exact for any nonzero £ € M 4 . 

Proof. Let rj be as in (13.251) . 


= 7 


/ -Vi Vo 0 0 0 0 

-Vo ~Vi ~Vi Vo 0 0 

0 0 -rj 0 -vi 

0 0 0 0 


0 
0 

Vi vo 0 
Vo ~Vi ~V\ 


\ 


and 


D[ k \zy = j 


/ ~Vo 

0 

0 

0 

... \ 

-m 

0 

0 

0 


Vi 

~Vo 

0 

0 


~Vo 

-Vi 

0 

0 


0 

Vi 

0 

0 


0 

-Vo 

-Vo 

0 


0 

0 

m 

0 


V ; 





ker 

0 £)* 

follows 

as 

in the 


□ 


D Z) 

Proposition 4.1. The sequence & k+1 e -5 - g% 2k I- £% k 1 is exact. 


Pi 


(£) \ 


Proof. Suppose DQ C \fY 

P2k{f) y 

a unique ,/ 5 = (/ €; i,..., fek-iY € C fc_1 , such that 

/ —Co + *£i 0 

—£2 - ^£3 0 

Pi(£) \ 


= D[ k) 0f( = ~ 


P2k{f) 


= 0 , where pj are polynomials. For each £ 7^ 0 , there exists 

\ 


£2 — if,3 —£0 + *£1 

-£o - if 1 —£2 - *£3 

0 £2 - if 3 


0 

0 

0 

0 

0 


0 

0 

0 

0 

0 


0 

0 


—£0 — *£1 —£0 + ?'£i 0 


0 


—£2 — if 3 0 


V 


( /ftl ^ 


y 


In the same way as in the case k = 2 , we can show that /g. 1 is a polynomial. Then repeat this 
procedure for / ?;2 , fe 3,.... □ 

5. Proofs of main theorems 

(k) 

5 . 1 . More about the operator Ch . It is direct to see that 


= D[ k) D[ k) * = 


2A 0 ■ ■ ■ 
0 2 A • • • 
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by (I4.5I) - (I4.6I) . The condition D^*(v )\L = 0 on the boundary implies that = 0 as 

before. The boundary value problem 


(5.1) 


n {k h = o, on n, 

'I'ldn = 0 , 

is just the boundary value problem for the usual Laplacian operator with Dirichlet boundary 
value. It is always solvable by the solution operator : H s (Tl, C k ~ 1 ) —>■ H s+2 (fl, C k ~ 1 ). 

Consequently, we have 

T = 

and the equation 

V = T, 

is uniquely solved by = D^*N ^\F for any T € H S (Q, C fc_1 ). 

5.2. The Fredholm property. 

Theorem 5.1. (|T7) Proposition 11.14 and 11.16], [131 Theorem 20.1.8 ]) Suppose that the 
boundary value problem is regular. Then the operator 

i 

T : H m+S (n, Eq) —> H m (Q, E x ) © 0 H m+S ~ m i~^ (dtt, Gj), 

3 =1 

s = 0,1,.. defined by 

Tu = (P(x, d)u, B\(x, d)u,... , Bfix, d)u) 
is Fredholm, and satisfies the estimate 

i 

'" l 'j 


(5.2) 


\u\ 


H™+ s (Cl) 


— C ( 11 ^ 11 ^( 0 ) + 


II2 , i| 112 


3 =1 


H 




for some positive constant C. Moreover, the kernel and the space orthogonal to the range consist 
of smooth functions. 

By adding the boundary value condition (11.61) . we consider the closed subspace C 2fc ) of 

Sobolev spaces H s (fil,C 2k ) defined by 


H s b 


(n,C 2k ) := [u£ H s {n,C 2k y,D { 0 k) *(n)u = 0,D[ k) *(n)D[ k) u = 0 on Sfi} , 


s > |. The boundary value conditions above are well defined for s > | by the Trace Theorem. 

(k) TT-771, 

We know that the associated Laplacian □) in (14.81) is an elliptic operator. In sections 3 and 
4, we already showed that boundary value problem (11.61) is regular. So we can apply Theorem 
o to obtain the Fredholm operator 


H s 


n,c 2k ) eiF+i (cKi,c fc+1 ) ®H a+ * (dn,c k -^ 


(5.3) T : H 2+s (n,C 2k ) 
defined by 

(5.4) Tu= (d k) u,D {k) \v)u , D {k) *(iy)D {k) u 

V dQ 

Restricted to the closed subspace H 2+s (Q,C 2k ) C H 2+S (Q, C 2k ), the operator T gets the form 
Tu = 0, oj for u € H 2+s { fl, C 2fc ). Let us prove that the restriction of T is also Fredholm. 


dQ 
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Corollary 5.1. The operator 

(5.5) D {k) : H 2+s {Tl, C 2k ) —»• H S (Q, C 2k ) 

is Fredholm. 

Proof. Suppose that □ ] in (15.51) is not Fredholm. Identifying H s (£i, C 2k ) with the subspace 
{(/,0,0);/eff s (fl,C a )} of 

w s = h s (n, c 2fc ) © h s+ I (an, c fc+1 ) © h s+1 2 (on, c k ~, 

we see that the kernel of is contained in the kernel of the operator T in (I5.3I) - (I5.4I) . and so 

(k) 

its dimension must be finite. Thus the cokernel of □) ' should be infinite dimensional. 

Let us denote by Mo the subspace of the Hilbert space H s ( fl, C 2fc ) orthogonal to the range of 
□ I , and denote by M the subspace of the Hilbert space W s orthogonal to the range of T. Note 
that H S (Q,, C 2k ) is a closed subspace of the Hilbert space W s by the above identification, and the 
range of T in W s is closed because it is Fredholm. So as the intersection of H S (Q, C 2k ) and the 
range of T, the range of is also closed. The space M is of finite dimension. Let {ui,... v m } 
be a basis of M. Vectors v\,... v m define linear functionals on # s , in particular on Mq, by the 
inner product of W s . Because Mo is infinite dimensional, there must be some nonzero vector 
v E Mo in the kernel of these functionals, i.e., orthogonal to M. Consequently, (v, 0,0) belongs 
to the range of T. Namely, there exists u E H 2+s (Q,C 2k ) such that Tu = (u,0,0). This also 
implies that u E 7L 2 +S (fl, C 2fc ) and = v, i.e., v is in the range of □ ^. This contradicts to 

v E Mq. Thus □) ; has finite dimensional cokernel. The result follows. □ 


5.3. Proofs of main theorems. Proof of Theorem \1. |j It is sufficient to prove the theorem 
for s = 0. By Corollary 15.11 the map : H 2 (£l,C 2k ) —> L 2 (Q,C 2k ) is Fredholm. So its 
kernel, denoted by Jf, is finite dimensional. Denote by the orthogonal complement to 
TTT in Lf 2 (fl,C 2fc ) under the inner product of H 2 (Fl, C 2k ). Denote by 3% the range of in 
L 2 (D, C 2k ). It is a closed subspace since the cokernel of is also finite dimensional. Then 
a[ k) : -> & is bijective, and so there exists a inverse linear operator As 

the Fredholm operator, : H 2 (Q, C 2k ) —> Stf. is bounded, so is its inverse by the inverse 

~ (k) 

operator theorem. Moreover, ' can be extended to a bounded operator 
(5.6) N[ k) : L 2 (D, <C 2fc ) —> C H^(n, C 2k ) 


by setting vanishing on the space orthogonal to in L 2 (D,C 2fc ) under the L 2 inner 
product. Namely, 


]y{k) J. _ f /, 


if /E^, 
if / E ^ x . 


Moreover, there exists a positive constant C such that 


(5.7) 


\\ N l kS> f\\H 2 (Cl,C 2k ) < C , |l/llL 2 (0,C 2fc ) 


for any / E L 2 (H, C 2fc ). 

Now we can establish the Hodge-type orthogonal decomposition following the ideas m chap¬ 
ter 5 §9] for De Rham complex. By using the identity (12.211) in Corollary 12. II twice, we see that 
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if ip, (p' € H 2 (Q, C 2k ), then 


(5.8) 


(□fVy) = ^D {k) D^ k) * + D (k) * D {k) 

= (d, 




(i)( fc) v,£>s fc) v) + 

= (*>, (d^d™* + D^'D®) */) = (y>, l=f V) 


since T^ fc) *(i/)<p'| 0 fi = VldQ = 0 and D^*(v)(p\gn = D^* (i/)D^ <p'\qq = 0 . 

~ (fA 

We show that N{ is a self adjoint operator on M. For any u, v € &, we can write u = 
\j[ k) (p,v = n^ip' € ffl for some ip,(p' € H%(Q, C 2k ). Then by using (|5.8I) . 

(jv{ k) u,v) = (jv} k) nfVnfV) = (^,nfV) = (nfW) = («,&}%). 

Consequently, N^ k \ as a trivial extension of N^ k \ is also a self adjoint operator on L 2 (12, C 2fe ). 
Because of the estimate m, is compact on L 2 (fl,C 2fc ) by Rellich’s theorem. Hence there 
is an orthonormal basis {uj} c ?° =l of C L 2 (H,C 2fc ) consisting of eigenfunctions of N < 'p : 

N^Uj = A jUj, A j \ 0. 

Here A j ^ 0 since is the inverse of : JP 1 - —> In the view of (15.61) . 

(5.9) Uj € H 2 (fi, C 2fc ) for each j. 


Obviously, 

D i k)u j = Y Uj ' 

Then any element of JP 2 - can be written as YlJLi A j a j u j for some dj 's with Yl’JLi \ a j\ 2 < °°- 
Denote by u® € H 2 (Q, C 2k ), l = 1,..., dim Jff, a basis of JfT. Then {uj} U {u°} is a basis of 
H 2 (n, C 2k ). Because Cg°(ft,C 2fc ) C H 2 (Q, C 2k ) and C 0 °°(D,C 2fc ) is dense in L 2 (Q, C 2k ), we see 
that H 2 (ft, C 2k ) is dense in L 2 (H, C 2fc ). So {u ? -}U{'it[ ) } is also a basis of L 2 (Vt, C 2fe ). Consequently, 

(5.io) L 2 (n,c 2k ) = 


If ^ € JP, then 

0 = ^D^ k) D^ k) *+ D[ k) *D (k) ^ V>,^) = (Dj fc) V,Dj fc) V) + 

by using the identity (12.211) in Corollary 12. II since ip € H 2 (Q, C 2k ). Thus D^*ip = 0 ,D^tp = 0. 
Note that since a function in JP is a C°° function on 0 by applying the elliptic estimate (|5.2D . 
we conclude that 


(5.11) jf = j$)(n). 

By the construction of the solution operator above and the decomposition (15.101) . any 
ip € H S (Q, C 2k ) has the Hodge-type decomposition: 

(5.12) iP = □ {k) N[ k) iP + Pip = D {k) D (k) *N (k) iP + D[ k) *D {k) N[ k) ip + Pip, 

where P is the orthonomal projection to PP = J^^(H) with respect to the L 2 inner product. 
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It is sufficient to prove orthogonality of first two terms in (15. 12|) for smooth functions, since 
C°°(n,C 2k ) is dense in L 2 { Q,C 2fc ) and operators D^* and are both 

bounded in L 2 (Q,C 2k ). The orthogonality follows from 


1 


'l 


^D^D^N^if^^DpN^if'j 


= D 


(fc) 

n (k) 

n (fc)* Ar( fc ) 


1 


by using the identity (12.211) in Corollary 12. 1\ ( D^* (u)P[ K> N^ 1 ib\on = 0) for u = Dq K) Dq K> *N^’ if 


i nw j~)\ 

u o u e> 

Jk) AT'(fc) 


N[ k) if, DpN[ k) iJ?j 


= 0 


— n (fc) 

n (^)* t\ r(fc)„ 


€ ^(^C 2 *) and u = € H 2 (Pl, C 2k ) when if € f/' 1 (n,C 2fc ), and using D {k) D^’ = 0. 

The theorem is proved. 


,(*) = 

□ 


Proof of Theorem li.il We claim that if D^if) = 0 and if is orthogonal to then 

(5.13) <j> = D {k) *N (k) if 


satisfies cf = if. Under the condition D^ >r if = 0, the second term in the decomposition (11.81) 
vanishes. This is because 

D {k) * D {k) N^ ] if * = (^D[ k) *D[ k) N[ k) if,D[ k) *D[ k) N[ k) i/?j 




= (if,D[ k) *D[ k) N[ k) il?) = (. D[ k) if,D[ k) N[ k) ip) =0 


by using identity (12.211) . Here if, D^N^if € C 2k ) (s > 1), and N^if € H 2+S (Q, C 2k ) 

implies that D\ (v)D\ 1V{ if\dn = 0. The second identity comes from the orthogonality in 
the Hodge-type decomposition ()5. 121) . The claim follows by Pip = 0. 

The estimate (11.41) follows from the estimate for the solution operator in Theorem 11.21 
Conversely, if if = D^cf for some cf € iL s+1 (D, C fc+1 ). Then if 1_ This is because 

for any u € 

(if,u) = (- D ( 0 k) (f,uj = ,D { 0 k) *uj =0 

by using the identity (12.211) in Corollarv l2.1l since D^*(y)u = 0 on the boundary and u and cf are 
both from H 1 (H, C fc+1 ). □ 
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